Certain six-dimensional (1,0) supersymmetric little string theories, when compactified on T 3 , have moduli spaces of vacua given by smooth K3 surfaces. Using ideas of Gaiotto-Moore-Neitzke, we show that this provides a systematic procedure for determining the Ricci-flat metric on a smooth K3 surface in terms of BPS degeneracies of (compactified) little string theories.
Introduction
In this paper, we discuss a new, physically motivated, systematic procedure for determining Ricci-flat metrics on smooth K3 surfaces. Our approach builds upon a series of papers by Gaiotto, Moore, and Neitzke [1] [2] [3] [4] [5] [6] (see also the review [7] ) devoted to improving our understanding of 4d N = 2 gauge theories and their BPS states. One of their main results is a relationship between these BPS states and the hyper-Kähler moduli space M of the theory compactified on a circle S 1 R of radius R (or, rather, the Coulomb branch thereof -we henceforth neglect Higgs branches). This can be intuitively understood in the case where all BPS states are mutually local (i.e., all electrically charged in some duality frame). In this case, BPS states of the 4d theory provide instantons of the theory on a circle that correct the naïve metric obtained by neglecting KK modes [8] [9] [10] , which we call the semi-flat metric for reasons to be explained shortly. A non-renormalization theorem [10] guarantees that there are no further corrections. Of course, things are more complicated when there are mutually non-local BPS states, and this is where the ideas of Gaiotto, Moore, and Neitzke prove invaluable. A proper accounting of all BPS states yields the full set of corrections at large R to the semi-flat metric.
Our main contribution is to replace the 4d N = 2 field theory with a 6d N = (1, 0) little string theory [11] (see also the reviews [12, 13] ) compactified on a 2-torus (and the theory compactified on a circle with the little string theory compactified on a 3-torus). In order to distinguish between the little string theory on T 2 and T 3 , we will refer to the former as the 4d theory and the latter as the 3d theory, even though they both have six total dimensions. While it is the case that at low energies the 4d theory reduces to a 4d N = 2 gauge theory, adopting the latter viewpoint restricts us to an infinitesimal, non-compact piece of the total moduli space. In contrast, the Coulomb branch of the compactified little string theory is compact [14] . Indeed, the moduli space of the 3d theory (in the specific case of interest to us) is a K3 surface.
In order to obtain the metric on the Coulomb branch of the 4d N = 2 theory on a circle, Gaiotto, Moore, and Neitzke construct special locally holomorphic functions on the moduli space and use wall crossing formulae to determine their discontinuities. The idea of building up the moduli space (without its metric) by studying rings of locally-defined holomorphic functions and the way that these rings glue together will hardly surprise mathematicians -this is the standard construction of a ringed space. In particular, this approach has been used [15] [16] [17] to study the Strominger-Yau-Zaslow (SYZ) picture of mirror symmetry in the large complex structure limit [18] (which for us is the R → ∞ limit). For K3 surfaces, this approach was pioneered by [16] , where the symplectomorphisms that eventually became the wall crossing formulae of [1, 3, 19] first appeared. We therefore regard this paper as completing a circle of ideas that has been nearly a decade and a half in the making.
A parallel history concerns the K3 metric. The semi-flat metric appeared in [20] . As part of the SYZ conjecture, [18] noted that corrections thereto away from the large complex structure limit should be determined by holomorphic disc instantons in the mirror manifold. As we will describe below, these instanton corrections map (via string dualities) to the instanton corrections to the compactified little string theory that we discussed above. Such corrections by the lightest BPS states of the little string theory -which yield a surprisingly accurate approximation to the true metric -were studied (albeit not in this language) by [21] .
The more complete study of disc instantons that govern the determination of the K3 metric has been under investigation by Lin [22] [23] [24] [25] [26] . However, it has been speculated that these counts will grow too quickly to provide a convergent formula for a smooth, Ricci-flat K3 metric. Our main mathematical contribution is to provide a physical proof that this is not the case. Furthermore, as we discuss in the conclusion, by relating this problem to BPS state counting in little string theory, we open up new possibilities for the determination of these counts. Finally, we note that this paper constitutes a proof (at a physical level of rigor) of the SYZ conjecture for K3 surfaces at the level of the metric (as opposed to, say, only the complex structure).
The rest of the paper is organized as follows. In section 2, we discuss our physical setup and its relationship with K3 and mirror symmetry. In section 3, we review the results of [1] that allow us to determine the K3 metric (and point out that they are unmodified by the passage from 4d field theory to 6d compactified little string theory). 1 We then discuss approximations to the complete metric in section 4 and compare our results with the philosophy of [21] . We conclude in section 5 with ideas for future research.
Little string theory and K3
The set of little string theories comprises a rich zoo, but we will be interested in one particular family. We will view the little string theory of interest as describing the worldvolume of an instanton 5-brane (i.e. a 5-brane associated to an instanton in the transverse dimensions) in the SO (32) heterotic string theory at zero string coupling (but finite string scale M s ). This gives us a number of ways to intuitively understand its relationship with K3. First, at low energies the 6d theory reduces to a N = (1, 0) Sp(1) ∼ = SU (2) gauge theory, in accordance with heterotic-type I duality which takes this 5-brane to a D5-brane [29] . In addition to a free hypermultiplet, which parametrizes the center of mass of the 5-brane, there are 16 fundamental hypermultiplets, corresponding to the 16 D9-branes of the type I theory.
2 Of course, since this theory is non-renormalizable it is only an effective field theory, but it provides a useful explanation for why the Coulomb branch M of the little string theory on T 3 is a K3 surface. Namely, SU (2) Wilson lines around T 3 parametrize T 3 /Z 2 (where the quotient accounts for the Weyl group), and dualizing the photon contributes an extra scalar which upgrades the moduli space to T 4 /Z 2 [8, 31] . Alternatively, T-duality allows us to replace the D5-brane with a D2-brane probing T 3 /Z 2 , and from the perspective of this brane the extra dimension provided by the dual photon corresponds to the extra circle of M-theory. Of course, this reasoning is semi-classical, and quantum corrections can desingularize the surface. Again, string theory makes this manifest, as the M-theory description of this setup is a K3 compactification with an M2-brane probe [31] . At generic points in moduli space, the K3 surface is smooth.
String dualities also provide useful descriptions of the 4d theory obtained by taking R → ∞. In this case, we have heterotic strings on T 2 , and SU (2) Wilson lines on T 2 parametrize a Coulomb branch B that is classically T 2 /Z 2 , which is topologically S 2 . This T 2 /Z 2 can again be probed after T-dualizing the D5-brane, which now becomes a D3-brane [32] . At low energies, the theory reduces to a non-linear sigma model to this moduli space, which is endowed with a Kähler structure by virtue of 4d N = 2 supersymmetry and so is properly regarded as P 1 . However, away from singular points B sing ⊂ B where BPS states become massless, we can usefully describe the low-energy behavior of the theory locally (that is, near some point in moduli space) by a U (1) gauge theory [33, 34] . Around singular points, the coupling constant of this U (1) gauge theory undergoes monodromies, and in order to obtain a weakly-coupled description one might have to perform an SL(2, Z) electric-magnetic duality transformation. Geometrically, this behavior of the coupling constant describes the complex structure of the fiber of an elliptic fibration over the P 1 moduli space; the total space of this fibration is an elliptically fibered K3 surface, but it is important to emphasize that the volume of the fiber has no physical meaning. The quantum-corrected behavior of the D3-brane, which describes both the metric on the moduli space and the complex structure of this elliptic fibration, is again accounted for by a K3 compactification -now of F-theory [35, 36] . (See also the reviews [37, 38] .) However, the metric on this K3 surface [20] is a bit singular -specifically, it is ill-defined at 24 singular fibers (which are 7-branes in F-theory). Because the torus fibers are flat, this metric is called the 'semi-flat' metric.
Finally, we introduce a circle transverse to the D3-brane of radiusR. T-dualizing it yields M-theory on an elliptically fibered K3 surface (i.e., with a section, corresponding to the marked point of the elliptic fibers, whose homology class we identify with that of the base) [39, 40] the area of whose fibers is inversely proportional toR. The D3-brane becomes an M5-brane wrapping the elliptic fibers [41] . TakingR → ∞ to recover the setup of interest 3 causes the fibers to collapse to zero volume (which is consistent with the fact that the IR 4d theory only cares about the complex structure of the fibers).
Alternatively, we could have taken the circle to be wrapped by the D3-brane. In this case, we would return to the probe M2-brane setup and take the elliptic fibers to have vanishing area. This defines a 4d theory, where the fourth dimension emerges from large stringy corrections.
However, we should emphasize that the K3 surfaces in the M2 and M5 frames are not identical; in fact, they are mirror.
4 This is clear from the SYZ picture of mirror symmetry as fiberwise T-duality [18, 45] , since the M5-brane wraps the Seiberg-Witten curve 5Σ , whereas the D3-and M2-brane probes see its Jacobian J(Σ). Indeed, if we compactify a circle transverse to the M2-brane and wrapped by the M5-brane and take this to be the M-theory circle, then we find T-dual D2-and D4-branes. The moduli space M of our compactified little string theory whose metric we study is the K3 surface probed by the M2-brane. We call the mirror M ∨ .
Besides allowing us to intuit the role played by K3 in the low energy behavior of the compactified little string theory, these duality frames also let us relate BPS states in the little string theory to the geometry of K3. 6 In the M5-brane frame, BPS states correspond to M2-branes ending on the M5-brane and wrapping holomorphic 2-cycles with one leg along the base and one along the fiber [48] [49] [50] . These 2-cycles can terminate at singular fibers. In the D3-frame, these BPS states correspond to string webs along the Coulomb theory to M-theory is in both cases implemented by compactifying a circle, T-dualizing, and lifting from IIA to M-theory, and so the K3 surfaces in the two frames should be the same. The resolution of this conundrum is that for M a smooth elliptically fibered K3 surface, mirror symmetry coincides with hyperKähler rotation, which leaves the metric invariant [43, 44] . Once we include Wilson lines, the passage from F-theory to M-theory is not so straightforward and the distinction between M and its mirror becomes important. 5 Generally speaking, the Seiberg-Witten curve Σ is a non-compact Riemann surface with punctures that encode flavor information. The torus fibration over the Coulomb branch is then related to the Jacobian of its compactificationΣ (or, more precisely, the Prym variety associated to the Hitchin fibration). The lattice of gauge charges is H 1 (Σ, Z), while the lattice of gauge and global charges is a subquotient of H 1 (Σ, Z) [2] . While it would be interesting to find a Σ whose first homology encodes the information about the singular fibers (analogous to the spectral curve of a Hitchin system), which presumably accounts for the effects of the singular fibers on the procedure that took us from the D3-brane to the M5-brane, here we will content ourselves with a discussion of the compact special Lagrangian torusΣ. However, we note that the M5-brane frame suggests [41] that the relevant generalization of the Hitchin system is that of [46] . 6 One might wonder if we need to consider excited states of branes in order to match the 'oscillator spectrum' of the little string theory, so that the geometry of a brane does not suffice to characterize its BPS states. (The quotes remind us that these are not the usual oscillator states of perturbative string theory.) That this is not the case follows from the fact that exciting a brane costs energy, and so for an excited state to be BPS it needs a new conserved charge, but we have geometric pictures for all of the conserved charges. So, the Hagedorn degeneracy does not preclude us from being able to label states by their geometrically-interpretable conserved charges. Finally, we note that geometry reproducing dual oscillator behavior is familiar in related contexts, e.g. [47] .
branch [50] [51] [52] . (The same geometric picture holds for many BPS states in the M2-brane case, except now this M2-brane will merge with the M2-brane giving the BPS state [8, 50] .) After compactifying on S 1 R in the M5-brane frame, the M2-brane BPS states give rise to worldsheet instantons ending on a D4-brane. These should be counted by open string reduced Gromov-Witten invariants Ω(γ) labeled by their gauge and global (or flavor) charges
. Invariants which presumably are these Ω(γ) have recently been defined and studied by Lin [22] [23] [24] [25] [26] . In particular, he shows that they may be defined so that they satisfy the wall crossing formula of [19] , which plays a central role in the techniques of Gaiotto, Moore, and Neitzke. We thus see that our construction of the metric concretely realizes the proposal of [15] [16] [17] [18] that holomorphic disc instantons in the mirror determine corrections to the semi-flat metric of M, 8 which has been verified in special cases, including toric Calabi-Yau manifolds [53] [54] [55] [56] .
Before proceeding, we mention a few more interesting aspects of the physics of little string theory. First, everything we have said generalizes trivially if we have r heterotic 5-branes instead of one. For example, the 6d gauge theory has gauge group Sp(r). The other duality frames similarly have r branes instead of one, and the moduli space is now the symmetric product 9 Sym r (K3) [57, 58] . The low energy abelian gauge theory that locally describes the physics of the 4d Coulomb branch is now a U (1) r gauge theory, the Coulomb branch is 2r-dimensional, the fibers are now 2r-tori, and the total space has a semi-flat metric which is corrected by 4d BPS states upon compactification on a circle. While the main object of interest in this paper is the K3 metric, we emphasize that the arguments of this paper apply equally well to Sym r (K3).
Second, the growth of the density of states as a function of energy is characterized by Hagedorn behavior. For BPS states, whose mass equals the absolute value of their central charge Z γ , this implies that the growth of Ω is at most
s is the 't Hooft coupling of the 6d gauge theory.) This expression plays an essential role in this paper, as there is an important condition for the convergence of certain expressions in [1] that is roughly
which in light of (2.1) reduces, in our case, to
3) 7 We restrict to non-singular points in the parameter space of the little string theory (i.e., the moduli space of its parent heterotic string theory), so that the K3 surface is smooth. This means that our flavor symmetries are abelian. 8 The BPS states may not have the topology of a disc in spacetime [48] [49] [50] 52] . 'Disc' here refers to the topology of the worldsheet associated to the Gromov-Witten invariants Ω. 9 The quotient by the symmetric group S r arises in the 6d field theory language because S r is a subgroup of the Weyl group of Sp(r).
More precisely, an equivalent condition to that of [1] is [59, 60] 
and this follows from (2.1) and (2.3). We thus see that our results should only apply in a neighborhood of the large complex structure locus, where the fibers are small. It is physically unsurprising that there is an important change when R ∼ √ r/2πM s , since little string theories have T-duality. In contrast, the 4d N = 2 field theories have M s = ∞. However, this suggests a powerful approach not available for the field theory near R = 0: we can study the R → ∞ limit of a T-dual little string theory! Finally, we note that (2.4) is not expected to hold in gravitational theories, as the analogue of (2.1) would have charge squared on the right hand side. Therefore, as stressed in [7] , this poses an important obstacle to the study of stringy quaternionic-Kähler moduli spaces. Little string theory's Hagedorn growth is just slow enough for the ideas of [1] to apply.
Wall crossing and the metric
We now briefly summarize the formalism of [1] that determines the metric at large R and then assure the reader that nothing changes when we upgrade to little string theory. For the benefit of mathematicians (and logical clarity), we mimic [7] and separate the input data and the output results into separate subsections.
Input
Consider a rank r 4d N = 2 gauge theory. The Coulomb branch B is an r-complexdimensional Kähler manifold with a T 2r -fibration over it. The latter has singular fibers at a complex codimension 1 locus B sing ⊂ B where BPS states become massless, and we define B = B\B sing . We denote by M the total space of this fibration, and by M ⊂ M the total space of the fibration over B . We will use u to denote a point in B . At such a point u, the low energy behavior of the theory is captured by a pure U (1) r gauge theory whose coupling constants are related to the complex structure of the T 2r fiber over u. Technically, these fibers are not merely tori, but abelian varieties -that is, they are Kähler manifolds whose Kähler forms have integral periods; physically, the latter come from the integral symplectic pairing on the charge lattice whose existence is guaranteed by the Dirac quantization condition. However, as observed in [8] , when we compactify on S 1 R there are instanton corrections to the Kähler structure of M, and in addition there is a whole twistor sphere's worth of complex structures, most of which also receive instanton corrections (as we discuss below). So, for our purposes B is a complex manifold (which we will still endow with some extra structure, using the central charge) with a T 2r -fibration π : M → B over it.
We now discuss the gauge, global, and combined charge lattices 10 in more detail. Thanks to monodromies around B sing , these lattices are not constant over B , but are instead fibers of local systems -i.e., fibrations over B with monodromies around B sing determined by a flat connection (which for a vector bundle is the same as a representation of the fundamental group of B ). We will write expressions such as γ ∈ Γ in order to indicate that γ is a local section of the local system Γ. The local systems of gauge, global, and combined charges, which we denote Γ, Γ flavor , andΓ, fit into an exact sequence
However, Γ flavor is a trivial local system (i.e. the fibers are all the same lattice and there is no monodromy). A local section ofΓ splits (non-canonically) as a local section of Γ ⊕ Γ flavor , but it need not be the case thatΓ = Γ ⊕ Γ flavor globally -monodromies not only act nontrivially on gauge charges, but they can add linear combinations of gauge charges to global charges, since a combined gauge and global symmetry is physically the same as just the global symmetry [34] . A fiber over the point u ∈ B is of the form
is the lattice of electromagnetic charges 11 and (Γ flavor ) u is the lattice of flavor charges.Γ u has an integer-valued anti-symmetric pairing , , and (Γ flavor ) u is its radical -i.e., the lattice of chargesγ for which γ, γ = 0 for all γ ∈Γ u -since these charges have no magnetic duals.
The next data physics provides is a central charge function, which is a global section Z ∈ Hom(Γ, C) varying holomorphically over B . A local section γ ∈Γ defines a local holomorphic function
The latter has a natural interpretation as the direct sum of a period vector in Γ * u ⊗ C and a vector of mass parameters in (Γ flavor ) * u ⊗ C. The mass parameters are actually u-independent. Mathematically, the central charge function induces an S 1 -worth of singular symplectic integral affine structures on B. That is, for each ϕ ∈ R/2πZ we can use Re(e iϕ Z γ g ) for γ g ∈ Γ as coordinates for B, and the transition functions [34] Re
where N ∈ Sp(2r, Z) and M ∈ Hom(Γ flavor , Γ), are elements of Sp(2r, Z) Z 2r . For the sake of completeness, we note that the central charge function satisfies a number of other conditions; see, e.g., [7] .
Finally, we require the BPS index, which is a function Ω :Γ → Z. (More precisely, this is the second helicity supertrace. It is a signed count of short multiplets, which in 11 Actually, it would be more natural to take Γ u to be the lattice of electromagnetic charges labeling IR Wilson-'t Hooft line defects, since we will shortly associate line operators to elements of Γ u [3] . Equivalently, this is the lattice of electromagnetic charges in the presence of arbitrary BPS line defects of the UV theory at the origin of space (since from far away a charge orbiting a line defect simply looks like a combined line defect). The existence of such a lattice follows from the mutual locality condition on line operators. This contains the genuine electromagnetic charge latticeΓ u as a sublattice (since we allow there to be no UV line defect), to which the symplectic pairing has a restriction, and is itself contained inΓ u ⊗ R. Of course, Ω(γ; u) = 0 if the projection of γ ∈Γ u to Γ u is not contained inΓ u .
The need for this larger lattice can be appreciated by considering the example of a pure SU (2) gauge theory. All BPS states (such as the W-boson) have even electric charge, but BPS states in the presence of a Wilson line defect in the fundamental representation carry odd electric charge [3] .
Anyways, since considering the line operators associated to elements ofΓ u will suffice, we henceforth neglect the distinction between Γ u andΓ u and refer to Γ u as the gauge charge lattice. particular increases by 1 for each massive hypermultiplet and decreases by 2 for each massive vector multiplet.) CPT implies Ω(γ; u) = Ω(−γ; u). Hagedorn growth -or anything slower -implies (2.4), as we have already discussed.
For later convenience, we introduce the Möbius transformΩ :Γ → Q of Ω, defined bȳ
Here, µ is the Möbius function. The new invariants account for the universal 1/n 2 factor associated in open Gromov-Witten theory to multi-coverings for disc instantons [61, 62] . In addition, they have simpler wall crossing behavior than Ω [63] .
All of this data must be consistent with the wall crossing formula [1, 19] described below, which in particular is strong enough to determine Ω(·; u) for all u ∈ B given Ω(·; u 0 ) for any u 0 ∈ B . We define the set
of active charges at u and
Then, Ω(γ; u) is locally constant and can jump only at
which is a union of real-codimension-1 loci in B , called walls of marginal stability, where there exist mutually non-local charges γ, γ ∈Γ u such that γ (u) = γ (u).
In addition, the BPS index must satisfy the following "support property" from [19] , which is so named because it constrains the charges at which Ω can be supported. Namely, for any u ∈ B and any (or equivalently, some) choice of positive-definite norm onΓ u ⊗ R, there exists a K > 0 such that
This can be motivated geometrically [19] , and indeed is satisfied by holomorphic discs [23] , since holomorphic cycles are calibrated.
We emphasize that all of the data discussed thus far pertains to the 4d theory -we were focused on 4d charges, BPS states, etc. 12 We now compactify the 4d theory on a circle of radius R, and upon doing so we can introduce holonomies for background gauge fields. These parameters are specified by a homomorphism θ : Γ flavor → R/2πZ. So, we have rank Γ flavor new mass parameters: θ γ f = 2πRm γ f , where γ f ∈ Γ flavor .
12 The wall crossing formula is stated using symplectomorphisms K γ of a space T to be defined shortly. Functions X γ appear in the definition (3.36) of K γ . Since the X γ depend on how we compactify -i.e., they depend on R and the parameters m γ f to be introduced shortly -it might seem that the wall crossing formula is not purely a statement about 4d physics. However, this is misleading. For the purposes of the wall crossing formula, one should think of the X γ as elements of an abstract algebra satisfying (3.30), rather than as the concrete functions we will define below. This perspective makes it clear that the wall crossing formula only involves 4d physics.
Output
The construction of the metric relies essentially on the fact that M is a hyper-Kähler manifold (which is guaranteed by 3d N = 4 supersymmetry). We briefly review some essential consequences of this and refer the reader to [64] for additional background. M has a P 1 -worth of Kähler structures, which we parametrize as
Here, J α = (J 1 , J 2 , J 3 ) are a triplet of complex structures that satisfy the quaternion algebra 10) and ω α = (ω 1 , ω 2 , ω 3 ) are compatible Kähler forms in the sense that
where g is the metric (which is the same for all ζ) and v 1 , v 2 are tangent vectors to M.
If we want to refer to M as a complex manifold with a fixed complex structure specified by ζ, we will use the notation M ζ .
A useful notion is the twistor space Z, which is the total space of the holomorphic fibration p : Z → P 1 with fiber M ζ . As a manifold, this is simply the product M × S 2 . Finally, for ζ ∈ C × (i.e., ζ = 0, ∞, to which we generally restrict) it is also useful to re-package the Kähler forms as
where
(ζ) is a holomorphic symplectic form on M ζ and defines a holomorphic section of the line bundle Ω
(The reason for the O(2) factor is that for ζ = 0, ∞ we have to rescale respectively by ζ or 1/ζ.) We can clearly obtain the Kähler forms from (3.12); (3.10) allows us to also obtain the complex structures. For example, J
So, once we have (3.12), (3.11) gives us the metric:
Determining (3.12) will therefore be our goal. We also note that the antipodal map on P 1 , ζ → −1/ζ, lifts to an anti-holomorphic involution of Z that fixes the fibers pointwise, and ν * = . ν is called the real structure of Z, as it takes the complex structure on Z to its conjugate, and so it can be used to identify 'real' objects as those which are ν-invariant.
We now introduce coordinates on the T 2r fibers of M that are adapted for describing the semi-flat metric. Locally, we can choose a basis of sections {γ i }, i = 1, . . . , 2r, for Γ compatible with a Lagrangian decomposition Γ ∼ = Γ m ⊕ Γ e into magnetic and electric charges. That is, ij := γ i , γ j is given by
we denote the negative of the inverse matrix by ij = ij . We parametrize a position in the fiber over u using 2r angles θ γ i ∈ R/2πZ. We then extend this definition to a twisted unitary character, i.e. a map θ : Γ u → R/2πZ satisfying
The space of such maps is topologically T 2r . Gluing together these spaces gives a local system of 2r-tori which we identify as π : M → B . Locally choosing a lifting of Γ toΓ, we can now use our homomorphism θ : Γ flavor → R/2πZ to extend θ to a twisted unitary character ofΓ u .
We would like to identify the moduli θ γ , where γ ∈ Γ, with electric and magnetic Wilson lines around S 1 R of the IR 4d abelian gauge theories. However, the latter are more naturally thought of as untwisted unitary characters, i.e. homomorphismsθ : Γ u → R/2πZ. We would therefore like to identify the bundle of twisted unitary characters ofΓ with the local systemΓ * ⊗ (R/2πZ). While this need not be possible globally, we can at least do so locally on B by introducing a quadratic refinement σ :Γ u → Z 2 of the pairing (−1) γ,γ , i.e. a map obeying
In fact, it is necessary to do so in order to define the path integral of a gauge theory in this self-dual formalism where we simultaneously work with both electric and magnetic Wilson lines [65] [66] [67] [68] . A natural way to obtain a quadratic refinement is to choose a local duality frame,Γ ∼ = Γ m ⊕ Γ e ⊕ Γ flavor , decompose local sections accordingly as γ = γ m + γ e + γ f , and define
In any case, having made a choice of σ, we may non-canonically map a unitary character to a twisted unitary character using [1, 3] e iθγ = e iθγ σ(γ) . In some cases, such as those discussed in [2, 3] , there exists a global choice of σ, but this need not necessarily always be the case. 13 Anyways, this is the last we will have to say about quadratic refinements -we will henceforth simply work with twisted unitary characters.
In order to define convenient coordinates on M ζ , we now consider Wilson-'t Hooft line operators in the IR abelian gauge theory. In general, the expression for a supersymmetric Wilson line in a representation R is [71] [72] [73] [74] Tr R P exp 20) where ϕ is a vector multiplet scalar in the complexified adjoint representation and A is a gauge field (which we take to be anti-Hermitian so that it defines a covariant derivative d + A). This can be thought of as describing the insertion of an infinitely massive particle in the representation R with central charge of phase 14 ζ. It is 1/2-BPS, and the preserved supercharges depend on ζ. By wrapping the analogous Wilson-'t Hooft line L IR γ,ζ associated to an infinitely massive dyon of charge γ = γ g ⊕ γ f ∈ Γ u ⊕ Γ flavor around S 1 R and taking the expectation value, we obtain functions
For later convenience, we also introduce the notation
In the R → ∞ limit, we obtain the semi-flat coordinates
For, as the length of the Wilson loop tends to infinity, quantum fluctuations become irrelevant and we can treat the dynamical fields appearing in the Wilson loop as if they were background fields. Another way to explain this physically is by regarding S 1 R as the time direction, so that we can identify X γ (u, θ; ζ) as the following trace [3] :
Here, Q is the charge operator, H is the Hamiltonian, (−1) F imposes supersymmetric boundary conditions (i.e. fermions are periodic, like bosons) on the path integral, and H u;γ,ζ is the Hilbert space of the theory defined in the presence of L IR γ,ζ . Then, at large R this projects onto the ground state, which satisfies a modified BPS bound [3] 25) thanks to the presence of the line operator, and we reduce to the case where we compute the worldline action of a particle in a classical background.
These line operator expectation values allow us to determine the metric. We first provide the formulae that determine the metric, and then we explain the properties of the line operators that make this construction work. Recalling our local basis of sections for Γ, we obtain the following coordinates on M:
14 Physically, we should impose |ζ| = 1. We then analytically continue the functions X γ (ζ) to be defined shortly to all of C × . 15 The presence of θ, rather thanθ, in this expression concretely demonstrates our earlier statement that the path integral depends on a choice of quadratic refinement, thanks to (3.19).
They are Darboux (or canonical) coordinates, as 27) where d denotes a differential that treats ζ as a constant, provides a holomorphic sympletic form on M ζ .
(To see what makes these coordinates canonical, compare this expression with the familiar symplectic form dq i ∧ dp i .) This induces the Poisson bracket
Before continuing, we would like to explain a limitation of this method. As we have mentioned, the expressions we provide below converge only for large enough R. As discussed in [7] , 'large enough' might depend on u. But, of course a fixed metric has the same R for all u. So, practically one should fix an R and then employ our results on the complement of the union of small open sets surrounding the points of B sing . The ideas of [27, 28] should allow one to extend the metric over all of M. Physically, the reason for this limitation is that the scale at which the 4d IR abelian gauge theory is trustworthy depends on u, and certain arguments (e.g. (3.34)) require this scale to be larger than 1/R.
The functions X γ (ζ) are mathematically useful for a number of physical reasons. First, let us be a bit more careful about the sense in which they are functions. Consider the set T u of maps X : Γ u → C × satisfying
called the space of twisted complex characters of Γ u . Topologically, T u is a complex algebraic torus (C × ) 2r parametrized by X γ i . These may be pieced together to form a local system of complex tori over B . In particular, if γ and γ are local sections respectively defined on open subsets U and V of B which agree on U ∩ V , then X γ and X γ agree on U ∩ V . We let T be the pullback via π of this local system to M . (That is, local sections of T can depend on θ.) X (ζ) are then local sections of T , meaning that they satisfy
Physically, the twist expresses the fact that the fermion number of a bound state of particles with charges γ, γ is shifted by γ, γ [1] . If γ is a local section defined on some open set U ⊂ B , then X γ (ζ) is holomorphic (actually, piecewise holomorphic, as discussed below) over π −1 (U ) in complex structure ζ. Physically, this follows from the fact that L IR γ,ζ is BPS [3] .
Next, we note that
This can be understood physically as arising from CPT. Mathematically, it is a reality condition chosen so that ν is anti-holomorphic and ν * = .
Physically, the reason that the X γ have a natural Poisson structure can be understood from a non-commutative deformation of the algebra (3.30), 32) which is obtained by including a chemical potential in the expectation value defining X γ that keeps track of the grading by a certain conserved charge [3, [75] [76] [77] . For, the leading correction to (3.32) away from y = ±1 is given by {X γ , X γ }. That is, (3.32) coincides with the deformation quantization of the algebra of holomorphic functions on M ζ associated to the Poisson bracket (3.28).
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The most important property of these functions X γ is that they are only piecewise holomorphic, but their discontinuities are given by symplectomorphisms so that the holomorphic symplectic form (ζ) is smooth. More precisely, they can be discontinuous at the locus
This can be understood by studying wall crossing for framed BPS states [3] , i.e. BPS states which exist in the presence of a line operator. For, UV line operators flow in the IR to a sum of line operators, and the coefficients in this expansion are the BPS index counting framed BPS states with charge γ:
When these line operators are wrapped around S 1 R we have
Framed wall crossing occurs at the rays γ (u). But, L UV ζ does not exhibit wall crossing, since the UV theory does not undergo a phase transition. So, X γ must have discontinuities that cancel the effects of framed wall crossing [3] .
In fact, an intuitive physical picture (based on an analogous gravitational story [78] ) determines both the location (i.e., γ (u)) and the form of these discontinuities [3] . We imagine a framed BPS state as being comprised of an infinitely massive core orbited by a halo of vanilla (non-framed) mutually BPS particles. A field theoretic version of the attractor equation yields the orbit radii of the halo's constituents, and this classical picture is trustworthy when these radii are large. Fortunately, framed wall crossing occurs in this regime -specifically, at a ray γ , the radius for all particles whose charge is a positive multiple of γ reaches infinity, and so all framed BPS states whose halos contain such a particle decay. Quantizing these halo configurations yields the framed wall crossing formula, and thus the discontinuities in X .
In order to state the framed wall crossing formula, we introduce the following birational symplectomorphisms K γ : T → T for γ ∈Γ:
We can also describe K γ in another way. First, to each γ ∈Γ we associate an infinitesimal symplectomorphism generated by the Hamiltonian −X γ /4π 2 R, i.e. by
By the Jacobi identity, this satisfies
That is, the e γ generate a Lie algebra that satisfies (3.38). We can then identify
This is useful in deriving a number of consequences of the wall crossing formula [1] . It also highlights the important property
The framed wall crossing formula is then the statement that when u ∈ W the discontinuity of X at a ray is given by
Here, X + , X − are the limits of X as ζ approaches clockwise or counterclockwise, respectively. Thanks to (3.40) , since u ∈ W , there is no ordering ambiguity. S = 1 for all but a countable set of rays, sinceΓ u is countable.
The (vanilla) wall crossing formula can now be intuitively phrased as the requirement that X be discontinuous only at L, and in particular not at (W × C × )\L. That is, all discontinuities of X are as in (3.41) . At a point u ∈ W , multiple rays γ (u), comprising a set (u), coincide at a single ray, so we should be more careful with the definition of S (u). We therefore deform slightly away from u to u ∈ W , define (u ) to be the set
of deformed rays, and compute the monodromy as we cross all of these rays in a counterclockwise order (i.e., the product from right to left is in counterclockwise order):
The wall crossing formula is the statement that the symplectomorphism S (u) obtained in the limit u → u is the same regardless of on which side of the wall u resides. This is non-trivial, as the order of the rays in (u ) is reversed as we cross the wall. To motivate this result, note that L
where S(P ) is a composition of symplectomorphisms given by the above framed wall crossing formula, and P denotes a path in B × C × from (u , ζ ) to (u, ζ). (The hats indicate that we are considering the universal covers of B and C × . This is necessary for B because of the monodromies we have discussed, and is necessary for C × because an anomaly translates the Witten effect for line operators [79] [80] [81] into monodromy of L UV ζ .) We want the framed wall crossing formula to imply that S(P ) depends only on the endpoints of P . This follows if the UV theory has sufficiently many line operators so that transformations of the form (3.44) determine S(P ); in the well-studied theories, this appears to be the case [3, 82] .
Another important observation is that a non-renormalization theorem protects the ζ = 0 complex structure -which may be identified with that of the 4d gauge theory's torus fibration -from instanton corrections [8] . So, for any γ ∈Γ u the asymptotics of X γ are such that lim ζ→0 X γ (ζ)/X sf γ (ζ) exists and is real. This implies that the holomorphic 2-form in complex structure ζ = 0 may be identified with that of the semi-flat limit after a fiberwise diffeomorphism [1] .
These properties of X (ζ), plus the semi-flat asymptotics
in regions bounded away from B sing , turn out to completely determine the functions [28] . They also imply that (3.27) gives a holomorphic symplectic form on M ζ . (For example, (3.45) implies that for large enough R, the holomorphic symplectic form is non-degenerate -that is, its kernel is the 2r-complex-dimensional subspace of the 4r-complex-dimensional T C M ζ consisting of anti-holomorphic tangent vectors.) In order to determine X (ζ) from these constraints, [1] showed that these constraints determine a family of Riemann-Hilbert problems on P 1 parametrized by the moduli u ∈ B and parameters of the compactified little string theory (including R), which we collectively denote by P, whose solution is the X γ . They then showed that the solution to this Riemann-Hilbert problem satisfies the following integral equation:
It is shown in [1] , using the Banach contraction principle, and making use of the conditions (2.4) and (3.7), that for sufficiently large R this integral equation has a unique solution which may be obtained by iteration. 22 That is, one starts with X
γ (ζ) = X sf γ (ζ), and then computes
(3.48) Furthermore, [1] provides a closed-form solution of (3.46) in terms of a (possibly asymptotic, rather than convergent) sum over decorated rooted trees T -that is, trees with a node singled out as the root, and where each node a is decorated with a choice of γ a ∈Γ u . We denote an edge between nodes a and b, where a is closer to the root, as (a, b), and the decoration of the root node as γ T . Then, the solution of (3.46) is
and G T (ζ) is determined inductively by 51) where T A are the subtrees of T obtained by deleting the root, and where G T (ζ) with T a tree with only one node is given by the same formula with the product over A omitted. Plugging (3.49) into (3.27) gives 52) where, as in (3.27), the differentials d treat ζ as a constant. In particular, the first approximation (associated to X
γ (ζ)), obtained by summing only over trees with one 22 Similar ideas appear in [84] .
node, is
(3.53) (Of course, d treats ζ and ζ , as well as ζ, as constants.)
We conclude this section by mentioning another proof of the wall crossing formula, provided in [1] . This uses the observation that physically-motivated differential equations satisfied by the X γ (related to holomorphy and anomalous Ward identities) define a flat connection with singularities for the infinite-dimensional bundle of real-analytic functions on the torus fibers of M over P 1 × P of which the X γ are covariantly constant sections. Equivalently, they determine an 'isomonodromic family' of flat connections with singularities over P 1 , which are related by parallel transport along P. But, these connections determine the 'generalized monodromy' or Stokes data that define the discontinuities of a Riemann-Hilbert problem. (See [85] for a discussion of Stokes phenomena and isomonodromic deformation.) The large R limit of these connections is known explicitly, and parallel transporting the large R Stokes data shows that the Stokes data for all R is indeed that of the Riemann-Hilbert problem described above. Isomonodromic deformation of the connection over P 1 as we vary u then implies the wall crossing formula.
Upgrade to little string theory
None of the above changes when we upgrade to little string theory. In particular, the proof of the wall crossing formula in [3] works here without modification. This stands in contrast to the 4d N = 2 supergravity context, where an analogous proof of the wall crossing formula holds, but only after one replaces line operators by supermassive black holes [86] . This is because in supergravity, one cannot neglect gravitational backreaction of heavy external particles that define a Wilson-'t Hooft line operator. The proof of [1] should also be adaptable to little string theory.
Much of the data discussed in §3.1 is actually quite familiar to both string theorists and mathematicians. Recall that the moduli space of semi-flat metrics on elliptically fibered K3 surfaces is
where Γ p,q refers to the even unimodular lattice with signature (p, q). The last two factors respectively parametrize the size of the base and the size of the fibers. The moduli space of F-theory on such a K3 surface is (3.54) except for the last factor, since the fibers are not part of spacetime. This is dually the moduli space of heterotic string theory on T (where R + in this frame corresponds to the coupling constant). 23 Since the moduli space of heterotic string theory (except for the coupling constant) becomes the parameter space of the little string theory, (3.54) (minus the last two factors) becomes the mass parameters in the central charge function. Similarly, the flavor charge lattice is the spacetime gauge charge lattice Γ 18,2 . 24 (The gauge charge lattice is also quite simple, as r = 1.)
Similarly, the moduli space of Ricci-flat metrics on K3 surfaces is 55) where the final factor corresponds to the total volume, and by heterotic/M-theory duality this is also the moduli space of heterotic on T 3 . Again neglecting the R + factor, we find that the little string theory gains 21 real parameters upon compactification on S 1 R . rank Γ 18,2 = 20 of them correspond to Wilson lines for background gauge fields, and the 21st is M s R. The condition of having only abelian flavor symmetries in the little string theory translates to having only abelian gauge symmetries in the parent heterotic string theory and to having a K3 surface without ADE singularities in the M-theory frame.
Finally, as we emphasized above, much of the data (such as the central charge and the charge local systems) has nothing to do with the compactification to three dimensions. So, except for the BPS index (which does not affect the semi-flat metric), this data can be read off from the semi-flat metric that we discuss below.
Approximations
It follows from our previous discussion that, in principle, one can use the complete BPS spectrum of little string theory on T 3 to determine smooth K3 metrics. While such BPS data is 'morally attainable,' we do not know the full spectrum at this point in time. Therefore, and also based on physical common sense, approximations to the metric given by knowledge of a finite set of BPS charges and masses (say, for a lightest set of BPS states at some point in moduli space) are a natural thing to discuss. We begin by reviewing the existing approximations to the desired metric in the large complex structure locus. We then discuss a new approximation and its relationships with the other ones. 
Semi-flat metric
Take an elliptically fibered K3 surface
The map between F-theory and heterotic moduli has been worked out explicitly for both 10-dimensional heterotic theories on T 2 without Wilson lines (where the dual F-theory compactifications involve K3 surfaces with Shioda-Inose structures) [87] [88] [89] [90] . 24 As discussed in footnote 10, the inner product on the charge lattice should be forgotten. We nevertheless denote it as Γ 18,2 in order to emphasize its connections with the spacetime gauge charge lattice and H 2 (M ∨ , Z). 25 We will not discuss numerical techniques for approximating K3 and more general Calabi-Yau metrics. Interesting work in this direction appears in [91, 92] .
where the complex structure of a fiber is specified by [u, w] are the projective coordinates on the base B = P 1 of the fibration; we henceforth set w = 1 (ignoring the point at infinity) and label the positions of the singular fibers as u a . Note that these 24 complex parameters are not independent, as after accounting for both P SL(2, C) reparametrizations and scaling f → λ 2 f and g → λ 3 g, f and g are specified by 18 complex parameters; this is related to the fact that the flavor symmetry has rank 18. The flavor charges one might expect to correspond to the other singular fibers are linear combinations of those of the first 18 [39] .
The Kähler metric of [20] on this surface is
where z ∼ z + 1 ∼ z + τ is an elliptic coordinate on the fiber and
We have introduced the notation τ = τ 1 + iτ 2 . In particular, e φ is modular invariant. More explicitly,
This is called semi-flat because it is flat when restricted to a torus fiber. We also have
from which it easily follows that the metric is Ricci-flat (but singular at the points u a ):
It has volume form ω + ∧ω + , where the holomorphic 2-form ω + is
26 In this expression, we have corrected a minor error in [20] .
The special cases with τ constant are discussed in [35, 36] .
We now express the metric and holomorphic 2-form using slightly different notation. First, we introduce locally-defined coordinates a(u), a D (u), which are periods of the Seiberg-Witten differential. Similarly to [93] , we define
We also introduce 2π-periodic coordinates θ e , θ m :
Finally, we introduce the following fiberwise differential that treats u as constant:
Then, we have
and
14)
The latter corresponds to a Kähler form
These expressions are precisely those in [1] obtained by dimensionally reducing the 4d IR abelian gauge theory on a circle (ignoring KK modes) and dualizing the 3d gauge field to a scalar, θ m .
We now choose a symplectic basis {γ m , γ e } with γ m , γ e = 1, and introduce the relabeling Z γ e = a, Z γ m = a D . Then, one has
These are the results one obtains from using X sf γ to obtain the holomorphic symplectic form (ζ) [1] . The mass parameters Z γ f (where γ f ∈ Γ flavor ) can similarly be extracted from the above formulae by considering the values of a and a D at a singular fiber -or, more specifically, by considering the linear combination thereof given by the gauge charges of a BPS state that becomes massless at the singular fiber.
Finally, we note that the volumes of the non-singular fibers are 1/R. This concretely illustrates the geometric meaning of the large complex structure limit.
The Ooguri-Vafa and Gross-Wilson metrics
We now restrict to a generic configuration of 7-branes, where no two u a coincide. This is stronger than requiring that the total space be smooth, as in this case one can have either II or I 1 fibers, whereas we are only allowing 24 I 1 fibers. (Physically, II fibers correspond to an H7-plane, which is formed by merging mutually non-local 7-branes. The worldvolume field theory of a D3-brane probe of this configuration is described in [94] .) The reason for this restriction is that now, near each 7-brane there is a choice of electromagnetic duality frame such that the physics is locally U (1) with a charge 1 hypermultiplet.
Since the latter has only electrically charged BPS states, the instanton corrections to the moduli space M on R 3 ×S 1 R can be straightforwardly computed [9, 10] . The metric one obtains on M is called the Ooguri-Vafa metric. It is smooth even at M\M , reflecting the absence of a Higgs branch in this gauge theory. Furthermore, at large R it decays very rapidly away from B sing to a semi-flat metric.
Of course, the theory is only an effective field theory; this manifests itself via the fact that B has a cutoff Λ:
We choose a symplectic basis {γ m , γ e } for Γ u (with γ m , γ e = 1) so that γ e has trivial monodromy and γ m → γ m + γ e around u = 0. Γ flavor is trivial. The BPS index is simply Ω(±γ e ; u) = 1 for all u ∈ B ; Ω vanishes for all other charges. The central charges are
Because all BPS states are mutually local, the approximation (3.53) is exact, and furthermore the final term vanishes. Also, X γ e = X sf γ e . We therefore have
where inst γ (ζ) is given by [1] inst e −x as x → ∞ show that instanton corrections are exponentially suppressed away from the origin (u = 0), as expected.
With this in hand, we can explain the approximation of Gross and Wilson [21] to a smooth Ricci-flat K3 metric. The idea is to correct the semi-flat metric by gluing in Ooguri-Vafa metrics at the singular fibers to obtain a result that is globally defined, but not quite Ricci-flat. Somewhat more precisely, they show that for sufficiently large R, one can construct a Kähler metric on M (which they take to be a genus one fibration) with the following properties. First, there exist collections {U 
New nearly Ricci-flat and semi-flat metrics
We begin by noting that even the approximation (3.53) contains far more contributions than are necessary in order to find a sensible metric at large R. First, the final term is clearly subleading compared to the second term, as the former is second order in corrections to the semi-flat metric while the latter is only first order in such corrections. Second, even the first order correction term is excessive, as almost all 4d BPS states remain massive everywhere in B and so their contributions are everywhere exponentially suppressed at large R. Only 48 states ever really matter 28 -namely, the 2 states that contribute to the Ooguri-Vafa metric that is almost exactly valid near each of the 24 singular fibers. We denote the set of (gauge and flavor) charges of such states byΓ 0 u . Finally, we use the fact that near the singular fiber where one of these states is light, the corresponding charge has Ω = 1; away from the singular fiber, the state is irrelevant, and so we can set Ω = 1 everywhere.
We then obtain the following 'pseudo-Gross-Wilson' approximation to the holomorphic symplectic form:
. Next, we use (3.14) (keeping only the leading corrections to the semi-flat metric) to approximate the metric on M . This new metric is presumably in some ways inelegant -e.g., it is unlikely to be Kähler. Nevertheless, it has a number of desirable properties. Namely, at large R this simple approximation -which requires no knowledge of the BPS invariants -is almost identical to the Ricci-flat hyper-Kähler metric on M which is nearly semi-flat away from singular fibers and nearly Ooguri-Vafa near singular fibers.
This makes it clear that our approximation is quite similar to that of Gross and Wilson. The most important difference, as we see it, is that there is a way to systematically improve our approximation to find the Calabi-Yau metric on M .
Conclusion
In this work, we have exploited many of the known properties of little string theories in order to reduce the long-standing problem of determining a Ricci-flat metric for a non-toroidal compact Calabi-Yau manifold to the computation of a BPS spectrum. Our approach combines many of the ideas that have been developed for studying the large complex structure limit of Calabi-Yau manifolds [15] [16] [17] [18] 21] with the observation of Gaiotto, Moore, and Neitzke that the twistor space associated to a hyper-Kähler manifold provides a powerful means for obtaining a metric [1] .
Two general lessons suggest themselves. First, the idea that moduli spaces of supersymmetric theories can be usefully studied in terms of the rings of functions on them is certainly not new [96] [97] [98] , but the present application suggests that physics can benefit from algebro-geometric approaches to building up manifolds as ringed spaces. Indeed, this has been exploited recently in the study of 3d Coulomb branches [99] [100] [101] [102] . Secondly, the constraints of wall crossing formulae are extremely powerful and can be used to derive a number of non-trivial results. This too has been exploited recently in another context [103] .
We conclude with suggestions for future work.
• While it is physically clear that our metric can be extended over the singular fibers, since the moduli space of the theory on S 1 R is generically a smooth K3 surface, we do not demonstrate this explicitly. This should be achievable by generalizing the arguments of [27, 28] .
• The other missing ingredient in the determination of the metric is the computation of the invariants Ω(γ; u). In principle, the Gromov-Witten approach of [22] [23] [24] [25] [26] ought to suffice. However, the reformulation of these invariants as BPS state counts in a little string theory suggests additional means by which they might be determined. For example, indices of compactified little string theories have been studied from a holographic approach in [104] [105] [106] , and heterotic little string theories in particular have been studied holographically in [107, 108] . (However, this has the drawback that the holographic approach misses non-perturbative states [107, 109] .) A DLCQ formulation also exists [110, 111] . The computations of [112] might also be generalizable.
The approach we suspect will be the most useful is geometrically engineering the little string theory with F-theory on a non-compact Calabi-Yau 3-fold, as in [113] [114] [115] [116] . After compactifying the little string theory on T 2 , one finds a type IIA description (and a mirror IIB description), as was recently exploited for field theories in [117] . T-duality might provide a useful means for studying the theory in the R → 0 limit. Geometric engineering might provide a useful (e.g., quiver) characterization of BPS states, as it does for field theories [69, 76, 118] . It might also yield a 'spectral curve' for K3 surfaces, in the sense of footnote 5.
• Continuing this last point, we observe that the characterization of BPS states of a 4d field theory via geodesics on its Seiberg-Witten curve [2, 5, 6, 119, 120] provides an extremely powerful formalism for determining the metric for all R [2] . It would be fantastic if this set of ideas generalized to the study of compactified little string theories and their K3 moduli spaces.
• There is an interesting proof of the wall crossing formula in [77] where the twistor space appears in spacetime. It would be interesting if this could be generalized to study little string theory wall crossing.
• There are many little string theories besides the heterotic 5-brane considered in this paper [116] . For instance, [14] discusses variants whose moduli spaces coincide with the moduli spaces of instantons on K3 or T 4 . It might be interesting to employ the approach of this paper to study them as well.
• Most ambitiously, one might hope that this set of ideas can be generalized to say something about non-hyper-Kähler Calabi-Yau threefolds near their large complex structure point. Field theory probes thereof have been studied [121, 122] ; can they be little string-ified? If so, one might hope that little string theory could be of use to the Gross-Siebert program.
